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Abstract 

Let P be a convex simplicial polyhedron in The skeleton of P is the graph 
whose vertices and edges are the vertices and edges of P, respectively. We prove that, 
if these vertices are on a sphere, the skeleton is a (0.999 • 7r)-spanner. If the vertices 
are very close to a sphere, then the skeleton is not necessarily a spanner. For the case 
when the boundary of P is between two concentric spheres of radii r and P, where 
R > r > 0, and the angles in all faces are at least 9, we prove that the skeleton is a 
t-spanner, where t depends only on R/r and 6. One of the ingredients in the proof is a 
tight upper bound on the geometric dilation of a convex cycle that is contained in an 
annulus. 


1 Introduction 

Let S' be a finite set of points in Euclidean space and let G be a graph with vertex set S. 
We denote the Euclidean distance between any two points p and q by \pq\. Let the length 
of any edge pq in G be equal to \pq\, and dehne the length of a path in G to be the sum 
of the lengths of the edges on this path. For any two vertices p and q in G, we denote by 
\pq\G the length of a shortest path in G between p and q. For a real number f > 1, we say 
that G is a t-spanner of S', if \pq\G < t\'PQ.\ Dr vertices p and q. The stretch factor of G 
is the smallest value of t such that G is a Euclidean f-spanner of S. See [S] for an overview 
of results on Euclidean spanners. 
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It is well-known that the stretch factor of the Delaunay triangulation in is bounded 
from above by a constant. The hrst proof of this fact is due to Dobkin et al. [Ij, who obtained 
an upper bound of (1 -|- ■\/5)7r/2 ^ 5.08. The currently best known upper bound, due to 
Xia [H], is 1.998. 

Let P be a convex simplicial polyhedron in i.e., all faces of P are triangles. The 
skeleton of P, denoted by skel{P), is the graph whose vertex and edge sets are equal to the 
vertex and edge sets of P. 

Since there is a close connection between Delaunay triangulations in and convex hulls 
in it is natural to ask if the skeleton of a convex simplicial polyhedron in has a 
bounded stretch factor. By taking a long and skinny convex polyhedron, however, this is 
clearly not the case. 

In 1987, Raghavan suggested, in a private communication to Dobkin et al. [1], that the 
skeleton of a convex simplicial polyhedron, all of whose vertices are on a sphere, has bounded 
stretch factor. Consider such a polyhedron P. By a translation and scaling, we may assume 
that the vertex set S' of P is on the unit-sphere 

= {(x, y, z) e = 1}. 


Observe that this does not change the stretch factor of P’s skeleton. It is well-known that 
the convex hull of S (i.e., the polyhedron P) has the same combinatorial structure as the 
spherical Delaunay triangulation of S'; this was hrst observed by Brown [3]. Based on this, 
Bose et al. |2] showed that the proof of Dobkin et al. |1] can be modihed to prove that the 
skeleton of P is a f-spanner of its vertex set S', where t = ^(1 -|- 7r/2) 12.115. 

In Section]^ we improve the upper bound on the stretch factor to 0.999 ■ tt 3.138. Our 
proof considers any two vertices p and g of P and the plane Hpq through p, q, and the origin. 
The great arc on connecting p and q is contained in Hpq. The path on the convex polygon 
Qpq = P n Hpq that is on the same side of pq as this great arc passes through a sequence of 
triangular faces of P. An edge-unfolding of these faces results in a sequence of triangles in 
a plane, whose circumdisks form a chain of disks, as dehned by Xia m- The results of Xia 
then imply the upper bound of 0.999 ■ tt on the stretch factor of the skeleton of P. 

A natural question is whether a similar result holds for a convex simplicial polyhedron 
whose vertices are “almost” on a sphere. In Section |2.4[ we show that this is not the case: 


We give an example of a set of points that are very close to a sphere, such that the skeleton 
of their convex hull has an unbounded stretch factor. 

In Section we consider convex simplicial polyhedra P whose boundaries are between 
two concentric spheres of radii r and R, where P > r > 0, that contain the common center 
of these spheres, and in which the angles in all faces are at least 6. We may assume that the 
two spheres are centered at the origin. We present an improvement of a result by Karavelas 
and Guibas [7j, i.e., we show that for any two vertices p and g, their shortest-path distance in 
the skeleton of P is at most (1-1-1/sin(6'/2))/2 times their shortest-path distance along the 
surface of P. The latter shortest-path distance is at most the shortest-path distance between 
p and g along the boundary of the convex polygon Qpq which is obtained by intersecting P 
with the plane through p, g, and the origin. This convex polygon contains the origin and 
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its boundary is contained between the two circles of radii r and R that are centered at the 
origin. Griine [6l Lemma 2.40] has shown that the stretch factor of any such polygon is at 
most 

ttR/t 

2-{n/2){R/r-iy 

provided that R/r < 1 + d/vr. In Section]^ we improve this upper bound to 

-1 + (R/r) arcsin(r/i?), 

which is valid, and tight, for all i? > r > 0. As a result, the stretch factor of the skeleton of 
P is at most 

^ {R/rY — 1 + {R/r) arcsin(r/i?) j . 


2 Convex Polyhedra whose Vertices are on a Sphere 


In this section, we prove an upper bound on the stretch factor of the skeleton of a convex 


simplicial polyhedron whose vertices are on a sphere. As we will see in Section 2^, our upper 
bound follows from Xia’s upper bound in m on the stretch factor of chains of disks in 
We start by reviewing such chains. 


2.1 Chains of Disks 

Let V = {Di, D 2 ,..., Dk) be a sequence of disks in where k > 2. For each i with 
2 <i < k, dehne 

Ct" = A-i n aA, 

i.e., Cl~^ is that part of the boundary of Di that is contained in Di^i. Similarly, for each i 
with 1 < i < /c, dehne 

A+i = A+iG^A. 

The sequence V of disks is called a chain of disks, if 

1. for each i with 1 < i < k, the circles dDi and dDi+i intersect in exactly one or two 
points, and 

2. for each i with 2 < i < k, the circular arcs Cl~^ and have at most one point in 
common. 

See Figure [ 1 ] for an example. 

Let p and q be two distinct points in the plane such that 

1. p is on dDi and not in the interior of D 2 , and 

2. g is on dDk and not in the interior of Dk_i. 
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gure 1: The t 
ows the graph 
consists of ins 





For each i with 1 < i < fc, let a* and bi be the intersection points of the circles dDi and 
dDiJ^i, where a* = bi if these two circles are tangent. We label these intersection points in 
snch a way that a* is on or to the left of the directed line from the center of Di to the center 
of and bi is on or to the right of this line. Dehne Oq = p, bo = p, ak = q, and bk = q. 

For each i with 1 < i < /c, let Ai be the circnlar arc on dDi connecting the points ai_i and 
tti that is completely on the same side of fl as aj_i and Oj, and let Bi be the circnlar arc on 
dDi connecting the points 6 j_i and bi that is on the same side of fl as and bi. 

Consider the graph G(V,p, q) with vertex set {p, oi, 02 ,..., afc_i, 61 , & 2 , • • •, <?} and 

edge set consisting of 

• the circnlar arcs Ai, A 2 ,..., Ak, 

• the circnlar arcs Bi, B 2 ,..., Bk, and 

• the line segments aibi, 02 ^ 2 , ■ • •, (^k-ibk-i- 
Fignre shows an example. 

For each i with 1 < i < k, the lengths of the edges Ai and Bi are eqnal to the lengths 
\Ai\ and \Bi\ of these arcs, respectively. For each i with 1 < i < k, the length of the edge 
aibi is eqnal to \aibi\. The length of a shortest path in G(V,p,q) is denoted by \pq\G(v,p,q)- 

Theorem 1 (Xia | lllp Let L be the length of any polygonal path that starts at p, ends at 
q, and intersects the line segments aibi, 02 ^ 2 ; ■ ■ •; cik-ibk-i in this order. Then, 


\pq\Giv,p,g) < 1-998 ■ L. 


2.2 Bounding the Stretch Factor 

Let P be a convex simplicial polyhedron in and assnme that all vertices of P are on a 
sphere. By a translation and scaling, we may assnme that this sphere is the nnit-sphere 
(withont changing the stretch factor of P’s skeleton). We assnme that (i) no fonr vertices 
of P are co-planar and (ii) the plane throngh any three vertices of P does not contain the 
origin. 

Fix two distinct vertices p and q of P. We will prove that \pq\skei{P)) i-e., the length of 
a shortest path in the skeleton skel{P) of P, is at most 0.999 ■ tt • \pq\. If pq is an edge of 
skel{P), then this claim obvionsly holds. We assnme from now on that pq is not an edge of 
skel{P). 

Onr proof will nse the following notation (refer to Fignrej^: 

• Hpq. the plane throngh p, q, and the origin (i.e., the center of §^). 

• Gpq-. the circle fl Hpg. 

• Apq-. the shorter arc of Gpq connecting p and q. 

• Qpq-. the convex polygon P fl Hpq. 
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Figure 2: Illustrating the notation in Section 2.2 


• Yipq. the path along Qpq from p to q that is on the same side of the line segment pq as 
the arc Apq, observe that Ilp^ is a path between p and q along the surface of P. 

• Ti,T 2 , ... ,Tk: the sequence of faces of P that the path Ylpq passes through. Observe 
that k > 2. 


Let T[, T 2 ,..., be the sequence of triangles obtained from an edge-unfolding of the triangles 
Ti,r 2 ,... ,Tfc. Thus, 


• all triangles T^', T 2 ,..., are contained in one plane, 

• for each i with 1 < i < k, the triangles Ti and T' are congruent, and 


• for each i with 1 < i < k, the triangles T/ and share an edge, which is the “same” 
edge that is shared by Tj and Tj+i, and the interiors of T/ and are disjoint. 


For each i with 1 < i < k, let D'- he the circumdisk of the 
, D'l^) and let p' and q' be the vertices of T{ and 


q, respectively. We will prove the following lemma in Section 2.3 


triangle T'. Let V' = 
corresponding to p and 


Lemma 1 The following properties hold: 

1. The sequence V is a chain of disks. 

2. p' is on dD'^ and not in the interior of D^. 

3. q' is on dD'f, and not in the interior of 
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Section 


Consider the graph G(V',p',q') that is dehned by V' and the two points p' and q'; see 
We hrst observe that \pq\skei{P) is at most the shortest-path distance between 
p and q in the graph consisting of all vertices and edges of the faces Ti,T 2 ,... ,Tk. The 
latter shortest-path distance is equal to the shortest-path distance between p' and q' in the 
graph consisting of all vertices and edges of the triangles T{, T 2 ,..., T^. Since the latter 
shortest-path distance is at most \p'q'\G{v',p',q'), h follows that 


IpqlskepP) < \pq'\G{V',p',q')- 

Let Tl'piqi be the path through Tl,T 2 , ■ ■ ■ corresponding to the path Ylpq. By Lemma 
and Theorem we have 

\p'Q'\G(v',p',q') < 1.998 ■ |np,g,|. 

Since \^piqi\ = |Llpq|, it follows that 

\PQ\skel(P) ^ 1.998 ■ |Llpq|. 


It remains to bound Iflp^l in terms of the Euclidean distance \pq\. Consider again the 
plane Hpq through p, g, and the origin, the circle Cpq = fl Hpq, the shorter arc Apq of Cpq 
connecting p and q, and the convex polygon Qpq = P fl Hpq. Observe that both p and q are 
on Cpq, and both these points are vertices of Qpq. Moreover, Qpq is contained in the disk 
with boundary Cpq. It follows that 


I Hpij I — I -‘^pq I • 

Let a be the angle between the two vectors from the origin (which is the center of Cpq) 
to p and q; see the hgure below. 



Since Cpq has radius 1, we have \Apq\ = a and \pq\ = 2sin(Q!/2). Therefore, 


1^ 


pq 


a/2 

sin(a/2) 


■ ImI- 


The function g{x) = xj sinx is increasing for 0 < x < 7^/2 (because its derivative is positive 
for 0 < X < 7r/2), implying that 


\Apq\ < p(7r/2) ■ \pq\ = (7r/2) ■ \pq\. 
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By combining the above inequalities, we obtain 


\pq\skei(P) < 1-998 ■ 7r/2 ■ \pq\. 


Thus, assuming Lemma holds, we have proved the following result. 

Theorem 2 Let P he a convex simplicial polyhedron in all of whose vertices are on a 
sphere. Assume that no four vertices of P are co-planar and the plane through any three 
vertices of P does not contain the center of the sphere. Then the skeleton of P is a t-spanner 
of the vertex set of P, where 

t = 0.999 ■ TT. 


2.3 Proof of Lemma [T] 

Lemma [T] will follow from Lemma below. The proof of the latter lemma uses an additional 
result: 

Lemma 2 Let i be an integer with 1 < i < k. The polyhedron P and the origin are in the 
same closed halfspace that is bounded by the plane through the face Ti of P. 

Proof. Let be the edge of the convex polygon Qpq that spans the face Tj. Since the path 
Llpg (which contains e* as an edge) is on the same side of the line segment pq as the arc 
Apg, and since the origin is on the other side of this line segment, the polygon Qpq and the 
origin are in the same closed halfplane (in Hpq) that is bounded by the line through e*. This 
implies the claim. I 


Lemma 3 Let i be an integer with 1 < i < k and let w be the vertex of Tj+i that is not 
a vertex of T^. Consider the vertex w' of the unfolded triangle T'_^_^ that corresponds to w. 
Then w' is not in the circumdisk Dl of the unfolded triangle T/. 

Proof. Let T* = Auvq and Tj+i = Auvw; thus, uv is the edge shared by the faces T* and 
Tj_|_i of P. Assume without loss of generality that uv is parallel to the 2 ;-axis. Let C be the 
cross-section of Ef that passes through w and is orthogonal to uv. Let u', v', q', and o' be 
the orthogonal projections of u, v, q, and o onto the plane supporting C, respectively; refer 
to Figure 

Let Cu] be the circle with center u' and radius \u'w\ that is coplanar with C. Since 
is obtained by rotating Tj+i about the line through u and u, it must be that w' lies on dCyj. 
Next we show that w' is exterior to C. 

Let e be the intersection point between the line supporting o'u' and C^, that is farthest 
away from o'. By Lemma o' lies interior to the convex angle Zwu'q' and, therefore, e lies 
exterior to C. Moreover, the circular arc of dC^ with endpoints w and e that extends from 
w away from o' (marked as a thick curve in Figure]^), lies exterior of C. This circular arc is 
precisely the locus of w'. It follows that w' is exterior to C, which implies that w' is exterior 



Figure 3: Cross-section through w orthogonal to uv (a) side view of C (b) top view of C. 


to Now observe that D[ is congruent with the disk Di obtained by intersecting with 
the plane supporting Tj. Since w' is coplanar with and exterior to Di, we have that w' is 
exterior to D'. This concludes the proof. ■ 


It is easy to see that Lemma implies that the sequence V is a chain of disks, i.e., this 

Moreover, it follows from Lemma 


sequence satisfies the two properties given in Section 2.1 


that p' is on dD[ and not in the interior of D 2 and q' is on dD'j^ and not in the interior of 
Thus, we have completed the proof of Lemma 


2.4 Convex Polyhedra whose Vertices are Almost on a Sphere 

In this section, we give an example of a convex simplicial polyhedron whose vertices are 
“almost” on a sphere and whose skeleton has unbounded stretch factor. For simplicity of 
notation, we consider the sphere 

§3 = {(x, y, z) E : x'^ + y'^ + z'^ = 3}. 

Let k he Si large integer and let Sk be the subset of consisting of the following 12 points: 

• The 8 vertices of the cube [—1,1]^, 

• p = (—l/fc,0,a), where a = — 1/fc^, 

• q = (l//c,0,a), 

• r = (0, —b, c), where b = 1/fc^ and c = a — 1/k^, and 

• s = (0,6, c). 
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The 8 vertices of the cube and the points p and q are on the sphere § 3 . Since 


b‘^ + c^ 


= 

l//c^ + 

— 2a/k 

< 

1/k* + 

+ l/k^ 

< 

+ 2/k^ 


= 

3 - l/k‘^ + 2/k^ 

< 

3, 



the points r and s are in the interior of, but very close to, this sphere. 

Let Pk be the convex hull of the point set Sk- Below, we will show that, for sufficiently 
large values of k, (i) (p, g, r) and (p, q, s) are faces of the polyhedron and (ii) rs is not an 
edge of Pk- Thus, the hgure below shows (part of) the top view (in the negative 2 :-direction) 
ofPfc. 


(- 1 . 1 . 1 ) ( 1 , 1 , 1 ) 



The shortest path between r and s in the skeleton of Pk has length 


rp| + |ps| = 2 |rp|, 


which is at least twice the distance between r and p in the x-direction, which is 2/k. Since 
|rs| = 2b = 2/k‘^, it follows that the stretch factor of the skeleton of Pk is at least 


2/k 

2j]p 


= k. 


Thus, by letting k go to inhnity, the stretch factor of skel{Pk) is unbounded. 

It remains to prove that (p, q, r) and (p, q, s) are faces of Pk and rs is not an edge of Pk- 
The plane through p, q, and s has equation 


a — c 

z = a -— ■ y. 

b 

To prove that (p, q, s) is a face of Pk, it suffices to show that the points r and (1,1,1) are 
below this plane. The point r is below this plane if and only if 


a — 


a — c 


b 


■ i-b) > c, 
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which is equivalent to a > c, which obviously holds. The point (1,1,1) is below this plane if 
and only if 


a — 



> 1 , 


which is equivalent to 


ab — a + c> b. 

Using the fact that, for sufficiently large values of fc, a > 3/2, we have 


( 1 ) 


ab — a + c = 
> 
> 


a/k'^ — 1/k^ 
3/{2k‘^) - 1/k^ 
l/k^ 

b, 


proving the inequality in Q. Thus, {p,q,s) is a face of Pk- By a symmetric argument, 
(p, q, r) is a face of Pk as well. 

We finally show that (r, s) is not an edge of Pk- For sufficiently large values of k, both 
points r and s are above (with respect to the 2 ;-direction) the points (—1,1,1) and (1,1,1). 
Observe that both r and s are below p and q. It follows that for any plane through r and s, 
(i) (—1,1,1) and q are on opposite sides or (ii) (1,1,1) and p are on opposite sides. Therefore, 
(r, s) is not an edge of Pk- 

Let ak be the smallest angle in the face (p, q, s) of the polyhedron Pk, i.e., ak = Z{qps). 
Then 

{q-p)-{s-p) = \pq\ \ps \cos ak, 


where ■ denotes the dot-product. A straightforward calculation shows that 


cosak = 1 — 0(l/fc^), 


implying that ak is proportional to 1/k. Thus, as k tends to infinity, the smallest angle in 
any face of Pk tends to zero. 

Observe that the polyhedron Pk does not satisfy the assumptions in Theorem By a 
sufficiently small perturbation of the points of Sk, however, we obtain a polyhedron that does 
satisfy these assumptions and whose skeleton has unbounded stretch factor. We conclude 
that Theorem does not hold for all convex simplicial polyhedra whose vertices are very 
close to a sphere. 


3 Convex Cycles in an Annulus 

Let r and R be real numbers with R > r > 0. Define to be the annulus consisting of 

all points in that are on or between the two circles of radii r and R that are centered at 
the origin. Thus, 

Annr,R = {{x, y) e ISA : r < x'^ + 1 /“^ < R^}. 
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We will refer to the circles of radii r and R that are centered at the origin as the inner circle 
and the outer circle of the annnlns, respectively. 

In this section, we consider convex polygons Q that contain the origin and whose bonnd- 
ary is in Annr,R- The skeleton skel{Q) of snch a polygon is the graph whose vertex and edge 
sets are the vertex and edge sets of Q, respectively. 

Thronghont this section, we will nse the fnnction / dehned by 

f{x) = — 1 + X ■ arcsin(l/x) 


for a; > 1. 

Lemma 4 The function f is increasing for x > 1. 

Proof. The derivative of / is given by 

X — 1 

f{x) = / . , + arcsin(l/x). 

It is clear that /'(x) > 0 for x > 1. ■ 

We will prove the following resnlt: 

Theorem 3 Let r and R he real numbers with R> r > 0 and let Q be a convex polygon that 
contains the origin in its interior and whose boundary is contained in the annulus AnUr^R- 
Then the skeleton of Q is an f{R/r)-spanner of the vertex set ofQ. 

Theorem refers to the stretch factor of skel{Q), which is the maximnm valne of 
\'PQ\skei{Q)l\p(l\ over all pairs of distinct vertices p and q of Q. It tnrns ont that the proof 
becomes simpler if we also consider points that are in the interior of edges. This gives rise 
to the notion of geometric dilation, which we recall in the following snbsection. 

3.1 Geometric Dilation of Convex Cycles 

Let C* be a convex cycle in We observe that C is rectihable, i.e., its length, denoted by 
I Cl, is well-dehned; see, for example. Section 1.5 in Toponogov [10]. For any two distinct 
points p and q on C, there are two paths along C that connect p and q. We denote the 
length of the shorter of these two paths by \pq\c- The geometric dilation of C is dehned as 

Dil{C) = max 

p,q&C,pj^q \pq\ 

Ebbers-Banmann et al. [5| have proved that, for a convex cycle C, Dil{C) is well-dehned. 
That is, the maximnm in the dehnition of Dil{C) exists. 

Let p and q be two points on C. We say that these two points form a halving pair if the 
two paths along C between p and q have the same length. 
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Lemma 5 (Ebbers-Baumann et al. [I5l|) Let C be a convex cycle in and let h he the 
minimum Euclidean distance between the points of any halving pair. Then the geometric 
dilation of C is attained by a halving pair with Euclidean distance h and 


h ■ 

3.2 Convex Cycles in an Annulus 

In this section, we consider convex cycles C that contain the origin in their interior and 
that are contained in the annulus Ann^^R. We will prove that the geometric dilation of such 
a cycle is at most f{R/r), where / is the function dehned in the beginning of Section 
Clearly, this result will imply Theorem 

We start by giving an example of a convex cycle whose geometric dilation is equal to 
f{R/r). Let C* be the convex cycle that consists of the two vertical tangents at the inner 
circle of Ann^-^R that have their endpoints at the outer circle, and the two arcs on the outer 
circle that connect these tangents; see the hgure below. 





A simple calculation shows that the length of C* satishes 

|C*| = 4a/ _ 7-2 _|_ 4 ^ . arcsin(r/i?) = 4r • f{R/r). 

Lemma 6 The geometric dilation of C* satisfies 

DU {C*) = fiR/r). 

Proof. Consider any halving pair p,q of C*. Since C* is centrally symmetric with respect 
to the origin, we have q = —p. The inner circle of Annr,R is between the two lines through p 
and q that are orthogonal to the line segment pq. Therefore, \pq\ > 2r. Thus, by Lemma 

DU (C-) < = fWr). 

If we take for p and q the leftmost and rightmost points of the inner circle, then \pq\c* /|p<?| = 
f{R/r). Therefore, we have DU (C*) = f{R/r). ■ 
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In the following lemmas, we consider special types of convex cycles in Anrir^n- For each 
snch type, we prove an upper bound of f{R/r) on their geometric dilation. In Theorem]^ 
we will consider the general case and reduce the problem of bounding the geometric dilation 
to one of the special types. 

Lemma 7 Let C be a convex cycle in Annr^R that contains the origin in its interior, and 
let p and q be two distinct points on C such that Dil{C) = \pq\cl\'PQ.\- U both p and q are on 
the outer circle of AnUr^R, then Dil{C) < f{R/r). 

Proof. Let C' denote the outer circle of Annr,R- Then 

Dil{C) = < Dzl (C") = 7r/2 = /(I). 

\pq\ - \pq\ - 

Since, by Lemma/(I) < f{R/r), it follows that Dil{C) < f{R/r). I 


Lemma 8 Consider a line segment L that is tangent to the inner circle of Annr^R and has 
both endpoints on the outer circle. Let C be the convex cycle that consists of L and the longer 
arc on the outer circle that connects the endpoints of L. Then 

DU{C) < fiR/r). 

Proof. We may assume without loss of generality that L is horizontal and touches the lowest 
point of the inner circle; see the hgure below. 




Let p and q form a halving pair of C that attains the geometric dilation of C. Observe 
that at least one of p and q is on the outer circle of Ann^^R. If both p and q are on the 
outer circle, then Dil{C) < f{R/r) by Lemma Otherwise, we may assume without loss 
of generality that (i) p is on L and on or to the left of the y-axis, and (ii) q is on the outer 
circle, on or to the right of the p-axis and above the a:-axis. 

We hrst prove that \pq\ > R + r. Let p have coordinates p = {—a, —r) for some real 
number a with 0 < a < y/R"^ — r^, and let a be the angle between the p-axis and the vector 
from the origin to g; see the hgure above. Since p and q form a halving pair, the clockwise arc 
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from the highest point on the outer circle to the point q has length a. Therefore, a = a/R 
and, thus, the coordinates of the point q are q = {R ■ sm{a/R),R ■ cos{a/R)). If we dehne 
the function g by 

g{a) = {a + R ■ sm{a/R)Y + {r + R ■ cos{a/R)Y 
for 0 < a < \/R? — r^, then |pgp = g{a). The derivative of g satishes 

g'{a) = 2a + 2{R — r) ■ sin{a/R) + 2a ■ cos{a/R), 
which is positive for 0 < a < y/R"^ — Therefore, the function g is increasing and 

= 9{a) > ^(0) = {R + rf, 


implying that \pq\ > R + r. 
We conclude that 


= = ic'l 


\pq\ \pq\ 2{R + r)' 

To complete the proof, it suffices to show that 

We observe that the length of C satisfies 

ICI = 2VR^ -r^ + 2R ■ arcsin(r/i?) + nR. 


( 2 ) 


Recall that 

f{x) = y/— 1 + X ■ arcsin(l/a;). 


Thus, ([^ becomes 

y/R^ — + R ■ arcsin(r/R) + ■kR/2 ^ y/R? — r'^ + R ■ arcsin(r/i?) 

R + r ~ r 

The latter inequality is equivalent to 


vr/2 < 


y/R^ —r"^ + R ■ arcsin(r/R) 
r 


i.e.. 


/(I) < f\R/r). 

Since the latter inequality follows from Lemma we have shown that (|^ holds. 
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Lemma 9 Let b he a point in Ann^^n that is on the negative y-axis. Let a and c be two 
points on the outer circle of Annr,R such that (i) both a and c have the same y-coordinate 
and are below the x-axis and (ii) both line segments ab and be are tangent to the inner circle 
of Annr^R. Let C he the convex cycle that consists of the two line segments ab and be, and 
the longer arc on the outer circle that connects a and c. Then 

DU{C) < fiR/r). 

Proof. The figure below illustrates the situation. 



Let p and q form a halving pair of C that attains the geometric dilation of C. Observe 
that at least one of p and q is on the outer circle of Annr,R- If both p and q are on the outer 
circle of Ann^^R, then DiliC) < f{R/r) by Lemma Otherwise, we may assume without 
loss of generality that p is on the outer circle of Annr^R and q is on the line segment be, as 
in the figure below. 



Let L be the maximal line segment in Annr,R that contains the segment be. Let C be 
the convex cycle consisting of L and the longer arc on the outer circle connecting the two 
endpoints of L. Then 


DU{C) 


\p(l\c ^ \pq\c' 
\pq\ - \pq\ 


< Dll {C). 


By Lemma|^ we have DU [C) < f{R/r). It follows that Dil{C) < f{R/r). I 
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Lemma 10 Consider two non-crossing line segments Li and L 2 that are tangent to the 
inner circle of Annr,R and have their endpoints on the outer circle. Let C he the convex 
cycle that consists of Li, L 2 , and the two arcs on the outer circle that connect Li and L 2 ; 
one of these two arcs may consist of a single point. Then 

DU{C) < fiR/r). 

Proof. We may assume without loss of generality that C is symmetric with respect to the 
j/-axis and Li is to the left of L 2 , as in the hgure below. 



If Li and L 2 are parallel, then the claim follows from Lemma Thus, we assume that 
Li and L 2 are not parallel. We may assume without loss of generality that the length of the 
lower arc of C is less than the length of the upper arc, as in the hgure above. We observe 
that 

\C\=Ar-fiR/r), 

i.e., the length of C is equal to the length of the cycle C* in Lemma Indeed, if we rotate 
L 2 , while keeping it tangent to the inner circle, until it becomes parallel to Li, then the 
length of the cycle does not change. 

Let p and q form a halving pair of C that attains the geometric dilation of C, i.e.. 


DiliC) = 

\pq\ 


\C\I2 

\pq\ 


We consider three cases for the locations of p and q on C. 

Case 1: Both p and q are on the outer circle of Ann^^R. 

Then we have DiliC) < fiR/r) by Lemma 

Case 2: p is on the outer circle of Ann^^R and q is not on the outer circle. 

Since p and q form a halving pair, p must be on the upper arc of C. We may assume 
without loss of generality that q is on L 2 . Let C be the convex cycle consisting of L 2 and 
the longer arc on the outer circle connecting the two endpoints of L 2 ; see the figure below. 
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We have 

DU{C) = < Dll (C"). 

ml ml 

By Lemma 1^ we have DU {C') < f{R/r). It follows that Dil{C) < f{R/r). 

Case 3: Neither p nor q is on the onter circle of AnUr^R- 

Since p and q form a halving pair, these two points cannot both be on the same line 
segment of C. We may assnme without loss of generality that p is on Li and q is on L 2 . 

Let be the maximal line segment in Anrir^R that is parallel and not equal to Li and 
that touches the inner circle. Let L '2 be the maximal line segment in Anrir^n that is parallel 
and not equal to L 2 and that touches the inner circle. 




We claim that q is to the right of L[ or p is to the left of L 2 ; see the two hgures above. 
Assuming this is true, it follows that |pg| > 2r and 


DU{C) 


^ f ^ m/r, 

\pq\ 4r 


To prove the claim, assume that q is to the left of L[ and p is to the right of L^. Let a be 
the intersection between Li and and let b be the intersection between L[ and L 2 ] see the 
hgure below. 
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Observe that both a and b are on the x-axis, and both p and q are below the x-axis. 
Therefore, the part of C below the x-axis is shorter than the part of C above the x-axis. 
Thns, the two paths along C between p and q do not have the same lengths. This contradicts 
onr assnmption that p and q form a halving pair of C. ■ 

We are now ready to consider an arbitrary convex cycle C that contains the origin in its 
interior and that is contained in Annr,R- A homothet of C is obtained by scaling C with 
respect to the origin, followed by a translation. Observe that the dilation of a homothet of 
C is eqnal to the dilation of C. 


Theorem 4 Let r and R be real numbers with R > r > 0 and let C be a convex cycle that 
contains the origin in its interior and that is contained in the annulus AnUr^R. Then 

DU{C) < fiR/r), 

where f is the function defined in the beginning of Section 


Proof. Let p and q form a halving pair of C that attains the geometric dilation of O, i.e.. 


DU{C) 


IpqIc 

\pq\ 


We hrst assnme that neither p nor q is on the onter circle of Annr,R- 

Let Lp and Lq be snpporting lines of C throngh p and g, respectively. Since p and q form 
a halving pair, Lp ^ Lq. Let Ci be the convex cycle of maximnm length in Ann^^R that is 
between Lp and Lq. Observe that Ci contains two line segments snch that (i) all their fonr 
endpoints are on the onter circle (as in the left hgnre below) or (ii) two of their endpoints 
are on the onter circle, whereas the other two endpoints meet in the interior of Annr,R (as 
in the right hgnre below). If (i) holds, we say that C\ is of type 1. In the other case, i.e., if 
(ii) holds, we say that Ci is of type 2. We have 


DU{C) 


IpqIc ^ \pq\ci 
\pq\ ~ \pq\ 
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We claim that there is a homothet C 2 of Ci that is contained in Anrir^R and that touches 
the inner circle in two points; see the two hgures below. 



To obtain such a homothet C 2 , we do the following. First, we shrink Ci, i.e., scale it 
(with respect to the origin) by a factor of less than one, until it touches the inner circle. 
At this moment, one of the lines Lp and Lq in the shrunken copy of Ci touches the inner 
circle. Assume, without loss of generality, that Lq touches the inner circle, whereas Lp does 
not. Let c denote the “center” of the scaled copy of Ci, which is the origin. We translate 
c towards Lq in the direction that is orthogonal to Lq. During this translation, we shrink 
Cl (with respect to its center c) while keeping Lq on its boundary. We stop translating c as 
soon as Lp touches the inner circle of AnUr^R. The resulting translated and shrunken copy 
of Cl is the homothet 6 * 2 . 

Let p' and q' be the two points on the homothet C 2 that correspond to p and q, respec¬ 
tively. Then 


Dil{C) < 


ImIci 

\pq\ 


W 0.^02 

\p'q'\ 


Let Lp! and Lq/ be supporting lines of C 2 through p' and g', respectively, and let C 3 be the 
convex cycle of maximum length in Anrir^R that is between Lp/ and see the two hgures 
above. Observe that O 3 is either of type 1 or of type 2. In fact, O 3 may be of type 2, even 
if Cl is of type 1. We have 


Dil{C) < 


\p'q.'\c2 

\p'q'\ 


< 


\p'q'\ 
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First assume that C 3 is of type 1. Thus, all four endpoints of the two line segments of C 3 are 
on the outer circle of AnUr^R (as in the left hgure above). Then C 3 satishes the conditions 


of Lemma 10 and, therefore. 


DU{C) < 


\p'q'\ 


C 3 


\p'q'\ 


<Dil {C^)<f{R/r). 


Now assume that is of type 2. We may assume without loss of generality that C 3 
is symmetric with respect to the y-axis, and the intersection point of Lpi and Lq/ is on the 
negative y-axis. Translate C 3 in the negative y-direction until it touches the outer circle. 
Denote the resulting translate by C 4 . Let p” and q" be the two points on C 4 that correspond 
to p' and g', respectively. Then 


DU{C) < 


Wq'Ics 

\p'q'\ 


\fq"\c, 

|p"g"| 


We consider two cases. 

Case 1: The lowest point of C 4 , is on the outer circle of Annr^n; see the left hgure below. 




Let Lp/f and Lqii be supporting lines of C 4 through p” and q”, respectively, and let C 5 be 
the convex cycle of maximum length in AnUr^R that is between Lp// and see the right 
hgure above. Observe that 


Dil{C) < 


\p"q"\ 


C 4 


\p"q'‘ 


< 


\p"q" 


IC5 


\piiqii 


< Dll (Cs) 


Enlarge the inner circle of AnUr^R such that it touches the two line segments of C^. Denoting 
the radius of this enlarged circle by r', it follows from Lemmas [To] and that 


DU{C) < Dll (C5) < f{R/r') < f{R/r). 


Case 2: The leftmost and rightmost points of C 4 are on the outer circle of Aniir^R; see the 
left hgure below. 
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Let C 5 be the convex cycle consisting of the two line segments of and the npper arc 
on the onter circle connecting them; see the right hgnre above. Then 


Dil{C) < 


\p''q'' 


IC4 


\p''q''\ 


< 


\piiqii 


IC5 


\p"q" 


< Dll (Cs). 


Enlarge the inner circle of AnUr^R such that it touches the two line segments of C^. Let r' be 
the radius of this enlarged circle. Since C 5 satishes the conditions of Lemma for AnUr'^n, 
we have 

Dil{C,)<f{R/r')<f{R/r). 

Thus, we have shown that Dil{C) < f{R/r). 

Until now we have assumed that neither p nor q is on the outer circle of AnUr^R- Assume 
now that p or g is on this outer circle. Let £ > 0 be an arbitrary real number and consider 
the annulus AnUr^R^^. Since neither p nor q is on the outer circle of this enlarged annulus, 
the analysis given above implies that 


Dil{C)<f{{R + e)/r). 


Thus, since this holds for any e: > 0, we have 


Dil{C) < mif{{R + e)/r) 


e>0 


Since the function / is continuous, it follows from Lemma that 


Dil{C) < inf f{{R + e)/r) = f{R/r). 
£>0 


This concludes the proof. 


4 Angle-Constrained Convex Polyhedra in a Spherical 
Shell 


Let r and R be real numbers with i? > r > 0. Dehne Shellr^R to be the spherical shell 
consisting of all points in that are on or between the two spheres of radii r and R that 
are centered at the origin. In other words, 

Shellr,R = {{x,y, z) e : r < x'^ + y'^ + z'^ < R^}. 
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In this section, we consider convex simplicial polyhedra that contain the origin in their 
interiors and whose boundaries are contained in Shellr,R- From Section 2.4, the skeletons of 
such polyhedra can have unbounded stretch factors. 

Let 0 be a real number with 0 < 6 < n/S. We say that a convex polyhedron P is 
9-angle-constrained, if the angles in all faces of P are at least 6 . 

Let P be a convex simplicial polyhedron that contains the origin in its interior, whose 
boundary is contained in Shellr^R, and that is ^-angle-constrained. In this section, we prove 
that the stretch factor of the skeleton of P is bounded from above by a function of P/r and 
9. Our proof will use an improvement of a result by Karavelas and Guibas [7] about chains 
of triangles in see Lemma 12 We start by reviewing such chains. 


4.1 Chains of Triangles 

Before we dehne chains of triangles, we prove a geometric lemma that will be used later in 
this section. 


Lemma 11 Let a, b, and c be three pairwise distinct points in the plane, and let a 
Then 


ab\ + \ac\ < 


\bc\ 

sin(a/2) 


Z{bac). 


Proof. Consider the interior angle bisector of a; see the hgure below. 



Let ib be the distance between b and this bisector, and let G be the distance between c 
and this bisector. Then 


\ab\ + \ac\ = 


+ 


< 


\bc\ 


sin(a/2) sin(a/2) sin(a/2) 


Let p and q be two distinct points in let /c > 2 be an integer, and consider a sequence 
T = (Ti, T 2 ,..., Tfc) of triangles in The sequence T is called a chain of triangles with 
respect to p and q, if 

1. p is a vertex of Ti, but not of T 2 , 
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Figure 4: Two examples of chains of triangles with respect to the points p and q. For clarity, 
the triangle T 4 in the second example is dashed. 


2 . g is a vertex of T^, but not of T^-i, 

3. for each i with 1 < i < k, the interiors of the triangles Ti and Tj+i are disjoint and 
these triangles share an edge, and 

4. for each i with 1 < i < k, the line segment pq intersects the interior of Tj. 

See Figure]^ for examples. 

Let G{T) be the graph whose vertex and edge sets consist of all vertices and edges of the 
k triangles in T, respectively. The length of each edge in this graph is equal to the Euclidean 
distance between its vertices. The length of a shortest path in G(T) is denoted by \pq\G{T)- 

Lemma 12 Let 9 be a real number with 0 < 0 < vr/S, let p and q be two distinct points in 
the plane, and let T be a chain of triangles with respect to p and q. Assume that all angles 
in any of the triangles in T are at least 6. Then 

l + l/sin( 0 / 2 ) 

-^-Ip^I- 

Proof. We assume, without loss of generality, that the line segment pq is on the x-axis and 
p is to the left of q. We start by constructing a preliminary path in G(T) from p to q (this 
is the same path as in Karavelas and Guibas 0 )- 
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Figure 5: The path 11 = (p = pi,p 2 ,... ,P 9 = q) in the hrst chain of triangles in Figure 
The segments C 1 C 2 , cqCt, and cjCs belong to group 1, the segments C 3 C 4 and c^cq belong 
to group 2, and the segments C 2 C 3 and C 4 C 5 belong to group 3. The path If' is equal to 

{p = Pi,P2,P3,P5,P7,P8,P9 = q)- 


1. Let pr be one of the two edges of the triangle Ti with endpoint p. We initialize the 
path to be (p, r). 

2 . Consider the current path and let r be its last point. Assume that r ^ q. 

(a) If r is below the x-axis, then consider all edges in G(T) that have r as an endpoint 
and whose other endpoint is on or above the x-axis. Let rr' be the “rightmost” 
of these edges, i.e., the edge among these whose angle with the positive x-axis is 
minimum. Then we extend the path by the edge rr', i.e., we add the point r' at 
the end of the current path. 

(b) If r is above the x-axis, then consider all edges in G(T) that have r as an endpoint 
and whose other endpoint is on or below the x-axis. Let rr' be the “rightmost” 
of these edges, i.e., the edge among these whose angle with the positive x-axis is 
maximum. Then we extend the path by the edge rr', i.e., we add the point r' at 
the end of the current path. 

Number the triangles in T as Ti,T 2 ,... ,Tk, in the order in which they are intersected 
by the line segment from p to q. Then the point r' is a vertex of a triangle in T that 
has a larger index than the index of any triangle that contains the vertex r. Therefore, if 
we continue extending the path, it will reach the point q. Denote the resulting path by 
n = (p = pi,p 2 , ■ ■ ■ = q)] see Figure 

As a warming-up, we prove an upper bound on the length of the path 11. For each i with 
1 < i < £, let Ci be the intersection between the line segments pq and PiPi+i. Then |pg|G(r) 
is at most the length of the path 11 , i.e.. 


i-i £-1 

\pq\G{T) < \PiPi+l\ = {\CiPi+l \ + |pi+iCi+i|) . 

i=l i=l 
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Let ai = Z(ciPi^iCi^i). Since ai > 0, it follows from Lemma 11 that 




I CiCj+l I 


< 


|CiCj+l I 


Therefore, 


£-1 


\pq\G{T) 


sin(aj/2) sin(6*/2)’ 
CiCi+i\ \pq\ 


^ sin(0/2) sin(0/2)' 

To improve the upper bound on \pq\G{T), we divide the line segments CjQ+i, 1 < i < i, 
into three groups: A segment CjCj+i belongs to group 1 if its relative interior intersects an 
edge of some triangle of the chain T. If the relative interior of CjCj+i is entirely contained in 
one of the triangles of T and the point is on or above the a:-axis, then CjCj+i belongs 
to group 2. Otherwise, CjCj+i belongs to group 3. Refer to Figure]^ for an illustration. For 
j = 1,2,3, let Xj denote the total length of all line segments CjCj+i in group j. We may 
assume without loss of generality that X3 < X 2 . 

Consider again the path fl = {p = pi,p 2 ,... ,pe = q). For each i such that CjCj+i belongs 
to group 2, we replace the subpath (pj,pj+i,pj+2) in fl by the short-cut PiPi+ 2 ] refer to 
Figure Let fl' denote the resulting path from p to q. 

For each line segment qq+i in group 1, we have at >29. If CjQ+i is in group 2, then 


|P*P*-|-2 I ^ |PiC| T ICjCj+ll T I Ci-|-lPi-|-21 • 


It follows that 


ImIgct) < |n'| < 


Ai 


+ a:2 + 




sin^ ' ^ ' sin(6'/2) 

Recall that 0 < X3 < X 2 . This inequality is equivalent to 


^2 + 




sin(0/2) 


< - 


1 + 
1 + 


implying that 


\pq\G{T) < 


sin 9 


1 

2 


2 sin(6'/2) 


sin(0/2) 

1 

sin(0/2) 


Xi + - 
2 


(W2 + X3) 

(|pg| -Xi) 

1 

1 + 


sin(0/2) 


\pq\. 


(3) 


The function g{9) = 1/ sin6* —1/2 —1/(2 sin(6*/2)) is negative for 0 < 0 < vr/S. To prove this, 
using sin 6* = 2sin(6'/2) cos(6'/2) and a straightforward calculation, we observe that g{9) < 0 
if and only if 

sin 6* / ^ , X 

— -h cos(6'/2) > 1. 

The left-hand side in the above inequality has a positive derivative for 0 < 9 < 7i/3 (this can 
be verihed using cos 6* = 1 — 2 sin^(6'/2)); thus, 

sin^ , X sinO , , , 

—--h cos(6'/2) > —--h cos(0/2) = 1. 
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We conclude that, since g{9) < 0, the hrst term on the right-hand side in ([^ is non¬ 
positive, implying that 

l + V|n^ . |M|. 

This completes the proof. ■ 



4.2 Angle-Constrained Convex Polyhedra 

Let 0 be a real number with 0 < 6 < 7t/3 and let P be a convex simplicial polyhedron 
that is 6'-angle-constrained. In this section, we bound the ratio of the shortest-path distance 
\PQ\skei{P) between p and q in the skeleton of P and the shortest-path distance \pq\dp between 
p and q along the surface of P. 

Let p and q be two distinct vertices of P and consider the shortest path lipq along the 
surface of P from p to q. Except for p and g, this path does not contain any vertex of P; 
see Sharir and Schorr [9]. Let Ti,T 2 ,... ,Tfc be the sequence of faces of P that this path 
passes through. Let T' = (T^', T 2 ,..., T^) be the sequence of triangles obtained from an 
edge-unfolding of the triangles Ti, T 2 ,..., T^. Let p' and q' be the vertices of T[ and 
corresponding to p and q, respectively. Sharir and Schorr [9] (see also Agarwal et al. P]) 
have shown that 


T' is a chain of triangles with respect to p' and g', as dehned in Section 4.1, and 
the path flpg along dP unfolds to the line segment p'q', i.e., \pq\dp = llfp^l = \p'q'\. 


Consider the graph G{T') that is dehned by the chain T'; see Section 4.1 Observe that 
\'PQ\skei{P) is at most the shortest-path distance between p and g in the graph consisting of all 
vertices and edges of the triangles Ti, T 2 ,..., T^. The latter shortest-path distance is equal 
to \p'q’\G(T')- Thus, using Lemma 12, we obtain 


\p(l\skel(P) < \p'<1'\g{T') 

< l + l/sin(g/2) 

l + l/sin(0/2) 

= -^- \P<i\dP 


We have proved the following result: 


Lemma 13 Let 6 be a real number with 0 < 6 < tt/S and let P be a 9-angle-constrained 
convex simplicial polyhedron. For any two distinct vertices p and q of P, we have 


\pq\skel{P) < 


1 + l/sin(0/2) 
2 


\pq.\dp- 
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4.3 Angle-Constrained Convex Polyhedra in a Spherical Shell 

We are now ready to prove the main result of Section 


Theorem 5 Let r, R, and 6 be real numbers with R > r > 0 and 0 < d < !?>, and let 

P be a 9-angle-constrained convex simplicial polyhedron that contains the origin and whose 
boundary is contained in the spherical shell Shellr^n- Then the skeleton of P is a t-spanner 
of the vertex set of P, where 


t = ^ {R/rY — 1 + {R/r) arcsin(r/i?) j . 


Proof. Let p and q be two distinct vertices of P. By Lemma p!3| we have 

. . 1 + l/sin(6*/2) 

\pq\skei{P) < -^- \p(l\dP- 


Let Hpq be the plane through p, q, and the origin, and let Qpq be the intersection of P and 
Hpq. Then 

\pq\dP < \pq\dQj,,- 

Since Qpq is a convex polygon satisfying the conditions of Theorem we have 
\pi\i,Q„ < fy(w-! + («/>■) arcsin(r/i?) j ■ \pq\. 


5 Concluding Remarks 

We have considered the problem of bounding the stretch factor of the skeleton of a convex 
simplicial polyhedron P in If the vertices of P are on a sphere, then this stretch factor 
is at most 0.999 ■ tt, which is 7r/2 times the currently best known upper bound on the stretch 
factor of the Delaunay triangulation in We obtained this result from Xia’s upper bound 
on the stretch factor of chains of disks in [11]. Observe that Xia’s result implies an upper 
bound on the stretch factor of the Delaunay triangulation. The converse, however, may not 
be true, because the chains of disks that arise in the analysis of the Delaunay triangulation 
are much more restricted than general chains of disks; see for example Figure 2 in HU. 
Thus, an improved upper bound on the stretch factor of the Delaunay triangulation may not 
imply an improved upper bound on the stretch factor of the skeleton of P. Nevertheless, we 
make the following conjecture: Let t* be a real number such that the stretch factor of any 
Delaunay triangulation in is at most t*. Then the stretch factor of the skeleton of any 
convex polyhedron in all of whose vertices are on a sphere, is at most t* ■ 7r/2. 

We have shown that the skeleton of a convex simplicial polyhedron P whose vertices are 
“almost” on a sphere may have an unbounded stretch factor. For the case when P contains 







the origin, its boundary is contained in the spherical shell Shellr^R, and the angles in all faces 
are at least 6, we have shown that the stretch factor of P’s skeleton is bounded from above 
by a function that depends only on R/r and 6. We leave as an open problem to hnd other 
classes of convex polyhedra whose skeletons have bounded stretch factor. 
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